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I, Dr. Moon, Duchin, having been duly sworn by an officer authorized to administer oaths,
depose and state as follows:

1. I am over 18 years of age, legally competent to give this Affidavit, and have personal
knowledge of the facts set forth in this Affidavit.

2. All of the quantitative work described in this Affidavit was performed by myself with the
support of research assistants working under my direct supervision.

Background and qualifications

3. I hold a Ph.D. and an M.S in Mathematics from the University of Chicago as well as an A.B.
in Mathematics and Women’s Studies from Harvard University.

4. I am a Professor of Mathematics and a Senior Fellow in the Jonathan M. Tisch College of
Civic Life at Tufts University.

5. My general research areas are geometry, topology, dynamics, and applications of mathe-
matics and computing to the study of elections and voting. My redistricting-related work
has been published in venues such as the Election Law Journal, Political Analysis, Founda-
tions of Data Science, the Notices of the American Mathematical Society, Statistics and
Public Policy, the Virginia Policy Review, the Harvard Data Science Review, Foundations
of Responsible Computing, and the Yale Law Journal Forum.

6. My research has had continuous grant support from the National Science Foundation
since 2009, including a CAREER grant from 2013–2018. I am currently on the editorial
board of the journals Advances in Mathematics and the Harvard Data Science Review. I
was elected a Fellow of the American Mathematical Society in 2017 and was named a
Radcliffe Fellow and a Guggenheim Fellow in 2018.

7. A current copy of my full CV is attached to this report.

8. I am compensated at the rate of $400 per hour.
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Analysis of 2021 enacted redistricting plans
in North Carolina

Moon Duchin
Professor of Mathematics, Tufts University
Senior Fellow, Tisch College of Civic Life

November 16, 2021

1 Introduction

On November 4, 2021, the North Carolina General Assembly enacted three districting plans:
maps of 14 U.S. Congressional districts, 50 state Senate districts, and 120 state House dis-
tricts. This affidavit contains a brief summary of my evaluation of the properties of these
plans. My focus will be on the egregious partisan imbalance in the enacted plans, following a
brief review of the traditional districting principles.

Because redistricting inevitably involves complex interactions of rules, which can create
intricate tradeoffs, it will be useful to employ a direct comparison to an alternative set of
plans. These demonstrative plans illustrate that it is possible to simultaneously maintain or
improve metrics for all of the most important redistricting principles that are operative in North
Carolina’s constitution and state and federal law. Crucially, this shows that nothing about the
state’s political geography compels us to draw a plan with a massive and entrenched partisan
skew.

To this end, I will be comparing the following plans: the enacted plans SL-174, SL-173,
and SL-175 and a corresponding set of alternative plans labeled NCLCV-Cong, NCLCV-Sen, and
NCLCV-House (proposed by plaintiffs who include the North Carolina League of Conservation
Voters).

SL-174 SL-173 SL-175

NCLCV-Cong NCLCV-Sen NCLCV-House

Figure 1: The six plans under discussion in this affidavit.
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2 Traditional districting principles

Principles that are relevant to North Carolina redistricting include the following.

• Population balance. The standard interpretation of One Person, One Vote for Congres-
sional districts is that districts should be fine-tuned so that their total Census population
deviates by no more than one person from any district to any other.

There is more latitude with legislative districts; they typically vary top-to-bottom by no
more than 10% of ideal district size. In North Carolina, the Whole County Provisions make
it very explicit that 5% deviation must be tolerated if it means preserving more counties
intact.

All six plans have acceptable population balance.

Population deviation

Max Positive Deviation District Max Negative Deviation District

SL-174 0 (eight districts) −1 (six districts)
NCLCV-Cong 0 (eight districts) −1 (six districts)

SL-173 10,355 (4.960%) 5 −10,434 (4.997%) 13,18
NCLCV-Sen 10,355 (4.960%) 5 −10,427 (4.994%) 15

SL-175 4250 (4.885%) 18 −4189 (4.815%) 112
NCLCV-House 4341 (4.990%) 82 −4323 (4.969%) 87

Table 1: Deviations are calculated with respect to the rounded ideal district populations of
745,671 for Congress, 208,788 for Senate, and 86,995 for House.

• Minority electoral opportunity. Minority groups’ opportunity to elect candidates of
choice is protected by both state and federal law. A detailed assessment of opportu-
nity must hinge not on the demographics of the districts but on electoral history and
an assessment of polarization patterns. That is not the focus of the current affidavit.
Instead we make the brief note that it is important to avoid the conflation of majority-
minority districts with effective districts for a minority group. An involved analysis of
voting patterns—necessarily incorporating both primary and general elections to ensure
that candidates of choice can be successfully nominated and elected—will frequently re-
veal that districts can be effective at demographic levels well below 50% of voting-age
population or citizen voting-age population (VAP and CVAP, respectively). For instance,
in [3], my co-authors and I drew an illustrative plan for Texas congressional districting in
which some parts of the state had districts that were shown to reliably elect Black candi-
dates of choice with BCVAP as low as 28.6%; by contrast, there are other parts of Texas
where a 40% BCVAP district is less consistently effective. In a Louisiana case study, we
found somewhat different patterns of human and political geography, producing numer-
ous examples of Congressional-sized districts with 55% BCVAP in some parts of the state
that are nonetheless marginal in terms of opportunity for Black voters to elect candidates
of choice.

In North Carolina, taking the crossover voting patterns of White, Latino, and Asian voters
into account, I note that a district with BCVAP in the low to mid 30s can often be effective
for Black voters—but there is no demographic shortcut to a full examination of primary
and general election history.

• Contiguity. All six plans are contiguous; for each district, it is possible to transit from
any part of the district to any other part through a sequence of census blocks that share
boundary segments of positive length. As is traditional in North Carolina, contiguity
through water is accepted.
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• Compactness. The two compactness metrics most commonly appearing in litigation
are the Polsby-Popper score and the Reock score. Polsby-Popper is the name given in
redistricting to a metric from ancient mathematics: the isoperimetric ratio comparing a
region’s area to its perimeter via the formula 4πA/P2. Higher scores are considered more
compact, with circles uniquely achieving the optimum score of 1. Reock is a different
measurement of how much a shape differs from a circle: it is computed as the ratio of a
region’s area to that of its circumcircle, defined as the smallest circle in which the region
can be circumscribed. From this definition, it is clear that it too is optimized at a value of
1, which is achieved only by circles.

These scores depend on the contours of a district and have been criticized as being
too dependent on map projections or on cartographic resolution [1, 2]. Recently, some
mathematicians have argued for using discrete compactness scores, taking into account
the units of Census geography from which the district is built. The most commonly cited
discrete score for districts is the cut edges score, which counts how many adjacent pairs
of geographical units receive different district assignments. In other words, cut edges
measures the "scissors complexity" of the districting plan: how much work would have to
be done to separate the districts from each other? Plans with a very intricate boundary
would require many separations. This score improves on the contour-based scores by
better controlling for factors like coastline and other natural boundaries, and by focusing
on the units actually available to redistricters rather than treating districts like free-form
Rorschach blots.

The alternative plans are significantly more compact than the enacted plans in all three
compactness metrics.

Compactness

block cut edges average Polsby-Popper average Reock
(lower is better) (higher is better) (higher is better)

SL-174 5194 0.303 0.381
NCLCV-Cong 4124 0.383 0.444

SL-173 9702 0.342 0.402
NCLCV-Sen 9249 0.369 0.423

SL-175 16,182 0.351 0.419
NCLCV-House 13,963 0.414 0.456

Table 2: Comparing compactness scores via one discrete and two contour-based metrics.

• Respect for political subdivisions. For legislative redistricting, North Carolina has one
of the strongest requirements for county consideration of any state in the nation. In my
understanding, courts have interpreted the Whole County Provisions as follows.

– First, if any county is divisible into a whole number of districts that will be within ±5%
of ideal population, then it must be subdivided accordingly without districts crossing
into other counties.

– Next, seek any contiguous grouping of two counties that is similarly divisible into a
whole number of districts.

– Repeat for groupings of three, and so on, until all counties are accounted for.

A complete set of solutions is described in detail in the white paper of Mattingly et al.—
though with the important caveat that the work "does not reflect... compliance with the
Voting Rights Act" [4]. Absent a VRA conflict, the 2020 Decennial Census population data
dictates that the North Carolina Senate plan must be decomposed into ten single-district
fixed clusters and seven multi-district fixed clusters (comprising 2, 2, 3, 3, 4, 6, and 6
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districts, respectively). It has four more areas in which there is a choice of groupings. In
all, there are sixteen different possible clusterings for Senate, each comprising 26 county
clusters. The House likewise has 11 single-district fixed clusters and 22 multi-district
fixed clusters (with two to thirteen districts per cluster), together with three more areas
with a choice of groupings. In all, the House has only eight acceptable clusterings, each
comprising 40 county clusters. Again, it is important to note that VRA compliance may
present a compelling reason to select some clusterings and reject others.

Once clusters have been formed, there are more rules about respecting county lines
within clusters. The legal language is again explicit: "[T]he resulting interior county lines
created by any such groupings may be crossed or traversed in the creation of districts
within said multi-county grouping but only to the extent necessary" to meet the ±5%
population standard for districts. To address this, I have counted the county traversals in
each plan, i.e., the number of times a district crosses between adjacent counties within a
grouping.

Table 3 reflects the county integrity metric that is most relevant at each level: the enacted
congressional plan splits 11 counties into 25 pieces while the alternative plan splits 13,
but splits no county three ways. (The enacted plans unnecessarily split three counties
into three pieces.) In the legislative plans, the law specifies traversals as the fundamental
integrity statistic.

The alternative plans are comparable to the enacted plans, or sometimes far superior, in
each of these key metrics regarding preservation of political boundaries.

County and municipality preservation

# county pieces

SL-174 25
NCLCV-Cong 26

# traversals

SL-173 97
NCLCV-Sen 89

SL-175 69
NCLCV-House 66

# municipal pieces

SL-174 90
NCLCV-Cong 58

SL-173 152
NCLCV-Sen 125

SL-175 292
NCLCV-House 201

Table 3: Comparing the plans’ conformance to political boundaries.

I will briefly mention several additional redistricting principles.

• Communities of interest. In North Carolina, there was no sustained effort by the state
or by community groups to formally collect community of interest (COI) maps, to my
knowledge. Without this, it is difficult to produce a suitable metric.

• Cores of prior districts. In some states, there is statutory guidance to seek districting
plans that preserve the cores of prior districts. In North Carolina, this is not a factor in the
constitution, in statute, or in case law. In addition, attention to core preservation would
be prohibitively difficult in the Senate and House because of the primacy of the Whole
County Provisions, which forces major changes to the districts simply as a consequence
of fresh population numbers.
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• Incumbent pairing. In 2017, the North Carolina legislative redistricting committee
listed "incumbency protection" as a goal in their itemization of principles. In 2021, this
was softened to the statement that "Member residence may be considered" in the draw-
ing of districts. I have counted the districts in each plan that contain more than one
incumbent address; these are sometimes colorfully called "double-bunked" districts. For
this statistic, it is not entirely clear whether a high or low number is preferable. When a
plan remediates a gerrymandered predecessor, we should not be surprised if it ends up
pairing numerous incumbents.

Double-bunking

# districts pairing incumbents

SL-174 3
NCLCV-Cong 1

SL-173 6
NCLCV-Sen 9

SL-175 7
NCLCV-House 15

Table 4: For Congress and Senate, the enacted and alternative plans are comparable; at
the House level, the alternative plan has more double-bunking. Note: These numbers were
calculated using the most accurate incumbent addresses that have been provided to me.

3 Partisan fairness

3.1 Abstract partisan fairness

There are many notions of partisan fairness that can be found in the scholarly literature and in
redistricting practitioner guides and software. Most of them are numerical, in the sense that
they address how a certain share of the vote should be translated to a share of the seats in a
state legislature or Congressional delegation.

The numerical notions of partisan fairness all tend to agree on one central point: an elec-
toral climate with a 50-50 split in partisan preference should produce a roughly 50-50 repre-
sentational split. North Carolina voting has displayed a partisan split staying consistently close
to even between the two major parties over the last ten years, but the plans released by the
General Assembly after the 2010 census were very far from realizing the ideal of converting
even voting to even representation. This time, with a 14th seat added to North Carolina’s
apportionment, an exactly even seat outcome is possible. But the new enacted plans, like the
plans from ten years ago, are not conducive to even representation.

3.2 Geography and fairness

However, some scholars have argued that this ideal (that even vote preferences should trans-
late to even representation) ignores the crucial political geography—the location of votes for
each party, and not just the aggregate preferences, has a major impact on redistricting out-
comes. In [5], my co-authors and I gave a vivid demonstration of the impacts of political
geography in Massachusetts: we showed that for a ten-year span of observed voting patterns,
even though Republicans tended to get over one-third of the statewide vote, it was impossible
to draw a single Congressional district with a Republican majority. That is, the geography of
Massachusetts Republicans locked them out of Congressional representation. It is therefore
not reasonable to charge the Massachusetts legislature with gerrymandering for having pro-
duced maps which yielded all-Democratic delegations; they could not have done otherwise.
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In North Carolina, this is not the case. The alternative plans demonstrate that it is possible
to produce maps that give the two major parties a roughly equal opportunity to elect their
candidates. These plans are just examples among many thousands of plausible maps that
convert voter preferences to far more even representation by party. In Congressional redis-
tricting, the geography is easily conducive to a seat share squarely in line with the vote share.
In Senate and House plans, even following the strict detail of the Whole County Provisions,
there are likewise many alternatives giving a seat share for each party that falls, in aggregate,
within a few percentage points of the vote share across a large set of elections.

The clear conclusion is that the political geography of North Carolina today does not ob-
struct the selection of a map that treats the parties equally and fairly.

3.3 Translating votes to seats

The enacted plans behave as though they are built to resiliently safeguard electoral advantage
for Republican candidates. We can examine this effect without invoking assumptions like
"uniform partisan swing" that impose counterfactual voting conditions; instead, we will use
the rich observed dataset of 52 statewide party-ID general elections in North Carolina in the
last ten years. 29 of these are elections for Council of State (ten offices elected three times,
with the Attorney General race uncontested in 2012), three presidential races, three for U.S.
Senate, and 17 judicial races since mid-decade, when those became partisan contests. See
Table 6 for more detail on the election dataset.

I will sometimes focus on the smaller set of better-known "up-ballot" races: in order, the first
five to appear on the ballot are the contests for President, U.S. Senator, Governor, Lieutenant
Governor, and Attorney General. Together these occurred 14 times in the last Census cycle.

Up-ballot generals (14) All generals (52)
D vote share D seat share D vote share D seat share

SL-174
.4883

.2908
.4911

.3118
NCLCV-Cong .4796 .4931

SL-173
.4883

.3957
.4911

.4065
NCLCV-Sen .4557 .4592

SL-175
.4883

.3994
.4911

.4080
NCLCV-House .4649 .4684

Table 5: Comparing overall fidelity of representation to the voting preferences of the elec-
torate. Vote shares are reported with respect to the major-party vote total.

To understand how the enacted plans create major shortfalls for Democratic representa-
tion, we will overlay the plans with voting patterns from individual elections in the past Census
cycle. As we will see, the enacted Congressional plan (SL-174) shows a remarkable lack of
responsiveness, giving 10–4 partisan outcomes across a wide range of recent electoral condi-
tions, meaning that 10 Republicans and only 4 Democrats would represent North Carolina in
Congress. The alternative plan (NCLCV-Cong) is far more faithful to the vote share, far more
responsive, and tends to award more seats to the party with more votes.

The top of Figure 2 shows this dynamic in the three Presidential contests in the last Census
cycle, with a Democratic vote share (pink box) between 48% and 50% of the major-party total
each time. For a contest that is so evenly divided, we would expect a fair map to have 6, 7,
or 8 out of 14 districts favoring each party. The alternative Congressional map NCLCV-Cong
does just that, while the enacted plan SL-174 has just 4 out of 14 Democratic-majority districts
each time (green and maroon circles). The alternative plan is far more successful at reflecting
the even split of voter preferences. Below the initial explainer, simplified versions of the same
type of graphic are presented for all five up-ballot races. Figure 3 compares legislative maps in
the same fashion. Next, Figure 4 returns to the full 52-election dataset to give the big picture
of entrenched partisan advantage in the enacted plans.
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Congressional plan comparison in Presidential elections
Does even voting translate to even representation?
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Figure 2: For up-ballot general election contests across the previous Census cycle, we can
compare the seat share under the enacted Congressional plan SL-174 (maroon) and the seat
share under the alternative Congressional plan NCLCV-Cong (green) to the vote share (pink) for
Democratic candidates. At top is a detailed look at the presidential contests; this is repeated
below, alongside the other four up-ballot offices. The 50% line is marked each time.
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State Senate plan comparison across up-ballot races
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State House plan comparison across up-ballot races

60

40

President

2012 2016 2020

Governor

2012 2016 2020

Senate

2016 20202014

Attorney General

2016 2020

60

40

Lieutenant Governor

2012 2016 2020

Figure 3: Legislative plans tested against voting patterns from up-ballot elections. The enacted
plans SL-173 and SL-175 are shown in maroon. The alternative plans NCLCV-Sen and NCLCV-
House, in green, have seat shares tracking much closer to the nearly even voting preferences.
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Figure 4: On a seats-vs.-votes plot, the election results for the six maps are shown for 52
general election contests in the last decade; each colored dot is plotted as the coordinate pair
(vote share, seat share). The diagonals show various lines of responsiveness that pivot around
the central point of fairness: half of the votes securing half of the seats. The Congressional
comparison is at top, followed by Senate and House. The enacted plans are shown in maroon
and the alternative plans in green.
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3.4 Swing districts and competitive contests

Another way to understand the electoral properties of districting plans is to investigate how
many districts always give the same partisan result over a suite of observed electoral condi-
tions, and how many districts can "swing" between the parties. Figure 5 compares the six plans
across the up-ballot elections. The enacted plans lock in large numbers of always-Republican
seats. In the Senate and House, nearly half the seats are locked down for Republicans. In the
Congressional plan, it’s well over half. This provides another view from which the NCLCV plans
provide attractive alternatives.

9 Always R 1 Swing 4 Always D

SL-174

5 Always R 5 Swing 4 Always D

NCLCV-Cong

24 Always R 13 Swing 13 Always D

SL-173

22 Always R 13 Swing 15 Always D

NCLCV-Sen

57 Always R 27 Swing 36 Always D

SL-175

52 Always R 27 Swing 41 Always D

NCLCV-House

Figure 5: These visuals show the breakdown of seats that always have a Republican winner,
always have a Democratic winner, or are sometimes led by each party across the 14 up-ballot
elections over the previous Census cycle. The 50-50 split is marked.

One more measure of partisan fairness, frequently referenced in the public discourse, is
the tendency of a districting plan to promote close or competitive contests. We close with a
comparison of the enacted and alternative plans that displays the number of times across the
full dataset of 52 elections that a contest had a partisan margin of closer than 10 points, 6
points, or 2 points, respectively. This can occur up to 14 · 52 = 728 times in Congressional
maps, 50 · 52 = 2600 times in state Senate maps, and 120 · 52 = 6240 times in state House
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maps. The figures below show horizontal rules at every 10% interval of the total number of
possible competitive contests; we can see, for instance, that the alternative Congressional
plan has contests within a 10-point margin more than 40% of the time.

Competitive contests in the Congressional plans

192

296

≤ 10 points

92

187

≤ 6 points

25

56

≤ 2 points

Senate plans

≤ 10 points ≤ 6 points ≤ 2 points

113
167

297

390
454

566

House plans

≤ 10 points ≤ 6 points ≤ 2 points

214 233

674 703

1182 1184

Figure 6: These bar graphs show the number of competitive contests for the enacted plans
(maroon) and the alternative plans (green). In each plot, we consider increasingly restrictive
definitions of "competitive" from left to right, counting districts in which the major-party vote
split is closer than 45-55, 47-53, and 49-51, respectively.

4 Conclusion

North Carolina is a very "purple" state. In 38 out of the 52 contests in our dataset, the
statewide partisan outcome is within a 6-point margin: 47-53 or closer. We can make a striking
observation by laying our six plans over the vote patterns.
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D Vote Share SL-174 NCLCV-Cong SL-173 NCLCV-Sen SL-175 NCLCV-House

GOV12 0.4418 4 4 16 18 41 44
AGC16 0.4444 4 4 17 17 40 42
LAC16 0.4475 4 5 18 20 42 45
JHU16 0.4563 4 5 18 19 42 49
AGC20 0.4615 3 4 17 19 40 51
JZA16 0.4619 4 5 19 21 43 50
JDI16 0.4653 4 6 19 21 44 53
LTG16 0.4665 4 6 19 21 44 54
LAC12 0.4674 4 5 20 20 44 51
AGC12 0.4678 4 5 18 18 43 50
SEN16 0.4705 4 6 19 21 43 55
TRS16 0.4730 4 6 19 21 45 53
TRS20 0.4743 4 6 17 20 45 51
JA620 0.4806 4 7 17 21 46 55
PRS16 0.4809 4 7 19 22 48 56
JA420 0.4822 4 7 17 22 47 56
INC20 0.4823 4 7 18 23 47 56
LTG20 0.4836 4 7 18 21 46 55
JA720 0.4842 4 7 17 22 48 56
SUP20 0.4862 4 7 19 23 49 56
JA520 0.4874 4 7 18 22 49 57
JA218 0.4876 4 7 18 22 45 55
JS420 0.4879 4 7 19 24 49 56
J1320 0.4885 4 7 19 23 49 56
PRS12 0.4897 4 6 20 21 46 55
SEN20 0.4910 4 7 20 24 48 56
LAC20 0.4918 4 8 21 25 51 58
SEN14 0.4919 4 6 20 22 46 52
PRS20 0.4932 4 8 20 25 50 60
JS220 0.4934 4 8 21 24 51 59
SUP16 0.4941 4 6 22 23 49 57
JS118 0.4955 4 7 20 25 50 58
INC16 0.4960 4 6 22 22 50 57
JST16 0.4976 4 7 21 23 50 58
LTG12 0.4992 5 7 22 22 50 58
JS120 0.5000 4 8 22 27 52 60
AUD16 0.5007 5 8 22 23 51 56
GOV16 0.5011 4 7 20 27 50 58
ATG20 0.5013 4 8 21 25 51 58
ATG16 0.5027 4 7 20 23 50 57
JA118 0.5078 4 8 22 26 51 58
AUD20 0.5088 4 8 24 28 54 61
JA318 0.5091 4 8 21 26 52 59
SOS20 0.5116 5 8 24 28 53 62
JGE16 0.5131 5 8 22 25 52 59
INC12 0.5186 5 8 22 22 55 61
SOS16 0.5226 5 9 24 24 57 62
GOV20 0.5229 4 8 23 27 58 63
AUD12 0.5371 8 9 27 28 61 65
SOS12 0.5379 7 9 26 26 59 63
TRS12 0.5383 7 9 25 24 59 65
SUP12 0.5424 8 9 28 28 61 66

Table 6: 52 general elections, sorted from lowest to highest Democratic share. Election codes
have a three-character prefix and a two-digit suffix designating the office and the election
year, respectively. AGC = Agriculture Commissioner; ATG = Attorney General; AUD = Au-
ditor; GOV = Governor; INC = Insurance Commissioner; LAC = Labor Commissioner; PRS =
President; SEN = Senator; SOS = Secretary of State; SUP = Superintendent of Schools; TRS
-=Treasurer. The prefix JA* refers to judicial elections to the Court of Appeals (so that, for
instance, JA118 is the election to the Seat 1 on the Court of Appeals in 2018), those beginning
with JS* refer to elections to the state Supreme Court. All other J* prefixes refer to an election
to replace a specific judge on the Court of Appeals.
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The three enacted plans combine with those 38 relatively even vote patterns to produce
114 outcomes. Every single pairing of an enacted plan with a close statewide contest—a
complete sweep of 114 opportunities—gives an outright Republican majority of seats. All
three enacted plans will lock in an extreme, resilient, and unnecessary advantage for one
party.

By every measure considered above that corresponds to a clear legal or good-government
redistricting goal or value, the alternative plans meet or exceed the performance of the en-
acted plans. It is therefore demonstrated to be possible, without any cost to the redistricting
principles in play, to select maps that are far fairer to the voters of North Carolina.
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